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self-map is a map g : 2 '"'X + X which induces an isomorphism on K(n),X and a nilpotent homomorphism on K(i),X for i # ~1. Then, by the essential uniqueness, naturality, and centrality of u,, self-maps [3, Section 31, it follows that if g is any u,, self-map and n > 0, there exists a natural number N such that g"' satisfies conditions (i) and (ii). This implies the next result. , it was sufficient to use the general existence of uZ self-maps without knowing that any specific power of multiplication by u, could be realized. Furthermore, we expect that Theorem 2 will be a technical tool needed to explicitly present the Brown-Comenetz dual I,> of L,,S" as a direct limit of finite spectra (cf. [2, 1.51). (In the absence of the telescope conjecture, this presentation will be in the E(N),-local homotopy category, where N may be arbitrary.) Finally, we remark that Theorem 2 may be folklore to certain BP-theorists. The proof of Theorem 1 requires three lemmas, the last two of which will be proved later. First, we introduce some notation. Given a self map g : 2'"'X-t X, there is a cofibration sequence
Lemma 3. If f is a self-map of X and f A X is in the center of the ring [X A X, XnX],,fhenf~X=X~f.
Proof. Use the fact that f A X commutes with the commutativity automorphism T:XAX+XAX. 0
Lemma 4. Let X be any spectrum and suppose that f is u self-map of even degree such that f' A X is central. Then there exists a map h : 2""' 'X A X+ X A X such
that the diagrum
commutes.
Lemma 5. Let f and X be as in Lemma 4. Then
is trivial.
Proof of Theorem 1. First note that hypothesis (ii) implies the existence of a map
where the rows are cofibration sequences. Now the fact that pa(r) A X) = id, does not of course imply that m 0 (7 A C( f ')) is the identity-it does, however, imply that m 0 (7 A C( f ')) . IS an automorphism of C( f '). It is then easy to see that by replacing m with [m 0 (q A C( f'))]-' 0 m, we can arrange things so that the above diagram commutes and so that m 0 (7 A C( f ?)) is the identity.
Next, Lemma 5 implies that there exists a retraction
by p.'=mor and n' by n'= ~077. Then one easily checks that these maps give C( f ') the structure of a ring spectrum and that L : X--, C( f ') is a ring spectrum map. 0
Proof of Lemma 4. Begin by observing that, since X A f = f A X, the composite
is trivial. There then exists a map such that the diagram commutes.
To complete the proof, we must show that (X A a) og : S2't't'X A X+ C""'X A X is trivial. For this, it will be convenient to describe g at the point-set level.
The cone coordinates are parameterized by [0, 11 with 0 the cone point. Now let H : _I$ lf'X A X A I, ---f X A X be a homotopy with H,, = f A X and H, = X A f. Finally, write
as usual. Then define g ( Z lr'C(X A f) to be f A C(f) and define
Next, consider the cofibration sequence where j includes X A X onto the base of C(X A X). It is easy to see that (up to homotopy), where
We claim, however, that a is just -k. This implies that (X A 13) 0 g is trivial, completing the proof. 
